A novel Dirac Hamiltonian formulation of the first order Einstein-Hilbert (EH) action, in which "algebraic" constraints are not solved to eliminate fields from the action at the Lagrangian level, has been shown to lead to an action and a constraint structure apparently distinct from the ADM action and the ADM constraint structure in that secondary first class constraints χ and χ i as well as tertiary first class constraints τ and τ i arise with an unusual Poisson Bracket (PB) algebra [24] .
the Hamiltonian formulation of the first order EH action in terms of the variables h = √ −gg 00 , h i = √ −gg 0i and q ij = −g (g 0i g 0j − g 00 g ij ) and their conjugate momenta employed in [19, 20] . It is shown that the variables h and h i are left undetermined in the formalism. This fact is used for a proper gauge fixation of the secondary constraints χ and χ i and reduction to the Faddeev action [19, 20] . Considering invariances of the total action, the generator of the gauge transformations of the EH Lagrangian action is derived. Using this generator, the explicit form of the gauge invariance of the field h is obtained, by which the relation between the gauge functions and the descriptors of the diffeomorphism invariance is determined in order for the gauge transformations to correspond to diffeomorphism invariance. By linearizing the novel Hamiltonian formulation of [24] , the Hamiltonian formulation of the first order action for the free spin two field [4, 24] is derived.
I. INTRODUCTION
After the discovery of the Dirac constraint formalism [2, 15] , the Hamiltonian formulation of the EH action in second order form using the metric g µν as the configuration space fields was first attempted by Pirani and Schild [37, 38] and independently by Bergmann,
Penfield, Schiller and Zatzkis [10] , and was later formulated in a more convenient way by Dirac [16, 17] . Soon after wards, the canonical formulation of the first order EinsteinPalatini action was considered by Arnowitt, Deser and Misner (ADM) [4, 5, 6, 7, 8] starting from a geometrical, rather than an algebraic perspective. In achieving their formulation, ADM followed a procedure other than the Dirac constraint formalism, in which constraint equations are solved irrespective of their being first or second class [21] . The result is derived using a set of variables possessing clear geometrical interpretation. It turns out that in both the Dirac and ADM formulations, the metric of the three-space and their conjugate momenta which are related to the extrinsic curvature of the three-space (subject to the Hamiltonian and momentum constraints), are sufficient for the description of the dynamics of general relativity, which is considered as the time evolution of spacelike surfaces. A characteristic of both formulations is that the manifest four dimensional general covariance is broken, which is to be expected by the choice of a particular time coordinate necessary for the Hamiltonian formulation. In early attempts, however, care was taken for a canonical formulation in terms of invariants [10, 37] , but this was soon overshadowed by abandoning such assumptions [38] , and especially after Dirac's triumphant results [16, 17] .
A key element in the ADM Hamiltonian formulation of the EH action in first order form is the "reduction" of the EH action by solving a combination of equations of motion which are independent of time derivatives (the algebraic constraints), thus eliminating a number of dynamical variables from the Lagrangian action. This algebraic manipulation, which brings the EH action in a Hamiltonian form [7, 20] , is done irrespective of whether the equations of motion which are solved are first or second class in the sense of the Dirac constraint formalism [21] . would have obtained if one had used the Dirac constraint formalism in when casting the EH action in the Hamiltonian form. This task was recently undertaken in [24] .
Here is a brief sketch of this paper. A summary of the ADM approach, in its original formulation [4, 5, 6, 7, 8] and the formulation of Faddeev [19, 20] , as well as an overview of the results of the novel Hamiltonian formulation of [24] are discussed in Section (II). In sections (III) and (IV) we explain how one may simplify the form of the constraints and the constraint algebra appearing in [24] by transforming the coordinates employed in [24] into the variables used by Faddeev [19, 20] , ADM [5, 6, 6, 7] and Teitelboim [46, 47] . It is then shown how one may reduce these actions into the actions derived by Faddeev [19, 20] and ADM [5, 6, 7, 8] using the method of Faddeev and Jackiw [21] . Based on the equations of motion for h and h i , when h, h i and q ij are used as coordinates, tentative gauge constraints are suggested for reduction of the extended action into the Faddeev action [19, 20] in Section (V). Gauge invariance of this action is considered in Section (VI), where the generator f the gauge transformations of the total action is derived. Using this generator, the explicit form of the gauge transformation of the field h is obtained, and the relation between the gauge functions and the descriptors of the diffeomorphism invariance is determined for the gauge transformation to be a diffeomorphism. In Section (VII), the linearized form of the Hamiltonian formulation of the EH action of ref. [24] , which is the Hamiltonian action corresponding to the first order spin two field Lagrangian action proposed in [4] , is obtained.
Concluding remarks are left to Section (VIII).
II. SUMMARY OF ADM APPROACH AND PREVIOUS RESULTS
ADM achieved their Hamiltonian formulation of the EH action by casting it in the form [5, 6, 7 ]
where γ = det(γ ij ),
and
N and N i are treated as configuration fields instead of g 00 and g 0i , spanning the configuration space together with the metric of the 3-space γ ij . In eq. (1), R is the curvature scalar of the 3-space γ ij , and the vertical dash | denotes covariant derivative with respect to the 3-space γ ij defined as usual. In particular, if S, T ij and T i j are tensor densities of rank W we have [12, 49] 
The action of eq. (1) is obtained from the first order EH action by solving linear combinations of the equations of motion derived from this action, which are independent of the time derivative of fields (the constraint equations), for the components Γ The term appearing in the total divergence in eq. (1) is a covariant vector density of weight W = 1. The total divergence may be dropped (as it is done below) if compact spaces are under consideration. From eq. (1), we see that π ij , which is a contravariant tensor density of weight W = 1, is the momenta conjugate to γ ij . Therefore, the canonical Hamiltonian corresponding to the action of eq. (1) is given by
where
are called the "Hamiltonian" and "momentum" constraints respectively. The nomenclature becomes clear in the following way. Variation of the action with respect to the fields N and N i , which act as Lagrange multiplier fields, gives rise to the constraints
These constraints satisfy the algebra [43] 
which implies that the time change of the constraints H and H i is ensured to weakly vanish when computed using the ADM Hamiltonian of eq. (7). The PBs of the ADM canonical coordinates γ ij with the Hamiltonian and momentum constraints H and H i have neat interpretations [34, 43] ; namely,
= N i|j + N j|i is nothing but the diffeomorphism invariance of the metric components γ ij of the spacelike surfaces, and
when set to zero, is the dynamical equation for the metric components γ ij [8] ; thus the nomenclature for the "Hamiltonian" and "momentum" constraints H and H i .
Having reviewed the original Hamiltonian formulation of ADM [4, 5, 6, 7, 8] , we note that for the Hamiltonian formulation one may choose to start with the EH action written in terms of the metric density h µν = √ −g g µν and the affine connection Γ λ µν as independent fields,
This choice of variables is made in [19, 20] . An advantage of such a choice is that it eliminates the square root of the determinant of the metric of the 3-space in the final Hamiltonian formulation; terms including this factor appear in the Hamiltonian constraint of eq. (8) . A similar set of variables have been employed in the novel Dirac Hamiltonian formulation of the first order EH action presented in the following subsection. A total divergence appears in equations below which corresponds to the fact that in [19, 20] asymptotically flat spacetimes, rather than closed spacetimes, have been considered [44, 48] .
The EH action of eq. (14) , after addition of a surface term, becomes
Thirty of the equations of motion that arise from the action of eq. (15) are independent of time derivatives and can be written as
These equations are used by Faddeev [19, 20] to eliminate the variables Γ 
In the above equations q ik = h 0i h 0k −h 00 h ik is a contravariant metric density of weight W = 2,
ik /h 00 is a covariant tensor density of weight W = −1, the fields λ 0 = 1 + 1/h 00 and 
and are
[
where f (x) and X(x) are test functions and the PB of the fundamental fields is defined in the following way,
C(X) is the generator of the three-dimensional coordinate transformations, and C 0 (f ) corresponds to the transformation of the first and second quadratic forms of the surface when it is deformed [20] . Using the convention of eq. (31), the PBs of eqs. (25)- (27) can alternatively be written in the form
which makes it easier comparing the PBs of the constraints derived in [19, 20] , with the PBs of the tertiary first class constraints derived below.
The Hamiltonian of the first order EH action in terms of q ij and Π ij as canonical variables was formulated in [19, 20] , where the authors use the metric-connection formulation of the first order EH action as the basis of their analysis. The same Hamiltonian has been independently formulated in [41] where the starting point is the first order EH action in terms of the vierbein e a µ and the connection ω a µν . As in [19, 20] , equations of motion are solved in [41] in order to eliminate fields from the action, compatible with the method of Faddeev and Jackiw [21] .
A novel canonical formulation of the metric-connection formulation of the EH action in first order form using the Dirac constraint formalism [15, 18, 26, 28, 30, 42, 43] has been recently performed [24] . In this approach, only equations of motion which correspond to second class constraints are solved to eliminate fundamental fields from the action, and the algebraic equations of motion which correspond to first class constraints are used to generate constraints of higher order. The final form of the Hamiltonian action principle involves the fields h, h i , H ij ,t andξ i and their conjugate momenta ω, ω i , ω ij , Ω and Ω i . The fields
The momenta ω ij are given 1 as ω ij = Γ 0 ij . In terms of these fields, the Hamiltonian action principle reads as constraints of secondary stage
and τ ≈ 0 and τ i ≈ 0 are secondary first class constraints of tertiary stage,
The constraints χ, χ i , τ and τ i are first class and satisfy an unusual PB algebra as follows.
For the PB of χ and χ i we have
while
Also,
The PBs of the constraints τ i and τ are nonlocal 2 , as
where f and g are test functions. It may also be shown that the Hamiltonian of eq. (36) can be expressed in terms of the first class constraints Ω, Ω i , χ, χ i , τ and τ i ,
The (secondary) constraints χ and χ i , which have no counterpart in the ADM Hamiltonian formulation of the first order EH action, are seen to arise because of the consistency condition of vanishing of the primary constraints Ω and Ω i , which are the momenta conjugate to the fieldst andξ i , which are in turn related to the connections Γ λ µν [24] . In the following section, we will show how the constraints χ, χ i , τ and τ i of eqs. (37), (38), (39) and (40) take a specially simple form when the coordinates H ij are transformed to any set of coordinates that depend only on the metric γ ij of the space-like surfaces t = cons. Two of the best sets of coordinates that can be used to replace the fields H ij are the coordinates q ij used by Faddeev [19, 20] and the coordinates γ ij used by ADM [4, 5, 6, 7, 8] . (These fields have been discussed in the previous chapter). In contrast to the variables H ij introduced in the previous chapter, the Faddeev variables
depend only on the components of the metric γ ij of the spacelike surfaces, since
where γ = det(γ ij ) [19, 20] . As it will be seen in later sections, this has important simplifying implications on the form of the algebra of the PB of constraints and their dependence on the fundamental fields.
III. TRANSFORMING TO FADDEEV VARIABLES
In the ADM Hamiltonian formulation of Faddeev [19, 20] , the canonical coordinates
and their conjugate momenta Π ij are the dynamical variables in the "Hamiltonian" and "momentum" constraints C 0 and C i of eqs. (20) and (21), and thus the only dynamical variables in the Hamiltonian formulation, subject to the constraints C 0 ≈ 0 and C i ≈ 0. The fields λ = 1 + 1/h 00 and λ i = h 0i /h 00 are non-dynamical and act as Lagrange multiplier fields. In transition from the variables H ij employed in the Dirac
Hamiltonian action principle of the first order EH action of eq. (35) to the Faddeev variables
one must be careful that the momenta ω, ω i and ω ij must be transformed in such a way that [26, 27, 33] ω δh
in order for the transformation to be canonical. This ensures preservation of the properties of canonical invariants and the canonical equations of motion. Eq. (52) in turn results in the transformations
for the momenta. From eq. (53), one observes that since ω ij = Γ 0 ij , the momenta Π ij agree with their definition in [19, 20] , i.e. Π ij = Γ 0 ij /h. We note that the momentum corresponding to h i remains unchanged as the transformation of eq. (51) does not involve h i . (This is also why the momenta Ω and Ω i and their corresponding canonical coordinatest andξ i do not appear in eq. (52)). In terms of the new variables, the secondary first class constraints χ and χ i of eqs. (37) and (38) remarkably transform intõ
respectively, while the tertiary first class constraint τ i of eq. (40) transforms intõ
Surprisingly, the tertiary first class constraint τ of eq. (39) splits into several terms, some of which depend on the secondary constraintχ i ,
In eq. (57) we havẽ
According to eq. (57), we may take the constraintτ of eq. (58) Since the PB (as well as the DB, because it is defined in terms of the PB) is invariant under canonical transformations, we see that under the transformations of eqs. (51) and (53), the PBs of eqs. (41) and (42) imply that
There is a remarkable way of obtaining the algebra of the PBs of the new constraintsτ i and τ of eqs. (56) and (57) directly from the PBs of eqs. (47, 48, 49) of the constraints τ i and τ . We note that the constraintτ i of eq. (56) can be obtained from the constraint τ i of eq.
(40) by substituting h = 1. 4 Since τ i does not depend on the momentum ω conjugate to h, the latter is passive in computing the PB of eq. (47), that is, since τ i is independent of ω, it makes no difference if we were to set h = 1 before or after the PB τ i , τ j is computed.
Therefore, we may set h = 1 in both sides of eq. (47) and conclude that
sinceτ i depends on q ij and Π ij in the same way that τ i depends on H ij and ω ij once we set
In a similar way, we may compute the PBs τ ,τ and τ i ,τ from the PBs τ, τ and τ i , τ of eqs. (48) and (49) without explicitly computing these PBs using the fundamental PBs among the new canonical variables. The constraint τ of eq. (39) reduces toτ of eq.
(57) by substituting h = 1 and ω i = 0 in eq. (39) . Since τ has no dependence on either the momenta ω conjugate to h or the field h i conjugate to the momenta ω i , one may set h = 1
and ω i = 0 either before or after the PB τ, τ of eq. (48) is computed, and obtain the same quantity. This implies that
In much the same way, one may set h = 1 and ω i = 0 in both sides of eq. (49), and conclude that
The PBs of the first class constraintsτ i andτ of eqs. (62), (63) and (64) are indeed identical to the PBs of eqs. (32), (34) and (33) of the ADM Hamiltonian formulation of Faddeev if we identifyτ i andτ of eqs. (56) and (58) with the constraints C i and C 0 of eqs. (20) and (21) derived by Faddeev, considering that in eq. (3.13) of [20] the fundamental PBs are defined
In fact, an explicit calculation of the expressions of eqs. (20,21) using eqs. (4) (5) (6) shows that 
where H c is given by eq. (68) andχ,χ i ,τ i andτ are given by eqs. 
The first two terms on the right hand side being total derivatives may be dropped from the action of eq. (69), which would now take the form
which is the Faddeev version of the ADM action of eq. (19).
In the context of the Dirac constraint formalism, however, the first class constraints Ω, Ω i ,χ andχ i may be solved only if appropriate gauge fixing conditions for all first class constraints are assumed [30, 43] . Together with the first class constraints Ω, Ω i , χ and χ i , their gauge constraints may then be turned into strong equations while the PB is replaced with the appropriate DB. These equations may then be solved in order to eliminate fields from the action of eq. (69).
The introduction of gauge fixing conditions for the action of eq. (69), however, requires a knowledge of the gauge transformations of this action beforehand [43] . To obtain the generator of the gauge transformations all first class constraints Ω, Ω i ,χ,χ i ,τ andτ i are required [13, 18, 30] . Once a set of admissible gauge constraints are assumed and the first class constraints Ω, Ω i ,χ andχ i are turned into second class, they no longer act as 
IV. TRANSFORMING TO ADM VARIABLES
In the original formulation of ADM, the EH action to start with is written in terms of the covariant components of the metric γ ij of the spacelike surfaces characterized by a time coordinate t = cons., and the components N and N i of the lapse and shift functions defined in terms of the metric g µν of the four dimensional embedding space in eq. (3). In the action of eq. (69), a transformation from the variables q ij to γ ij using eq. (50),
must be accompanied by appropriate transformations of the momenta Π ij conjugate to q ij to the momenta π ij conjugate to γ ij , so that
This implies that the momenta should be transformed in the following way,
Once again, one may directly check that if Π ij = Γ 0 ij /h, as defined in [19, 20] 
= −H i , where the ADM momentum constraint H i is given by eq. (9). Also, from eq. (58) we find
where the ADM Hamiltonian constraint H is given by
Therefore, in terms of h, h i and γ ij , the action of eq. (69) becomes
where H ′ c is the Hamiltonian of eq. (68) transformed under eqs. (72) and (74),
We have thus achieved a Hamiltonian formulation of the EH action in terms of the variables
h, h i , γ ij and their corresponding momenta Π, Π i and π ij . The ADM Hamiltonian constraint H appears with a coefficient γ 1/2 . Such a factor can be combined with the field h in the action of eq. (78) in order to introduce the lapse and shift functions N and N i and their conjugate momenta "as canonical variables". In terms of the metric g µν the lapse and shift functions N and N i are defined as
Consequently, in terms of the metric γ ij of the spacelike surfaces and the variables h = √ −g g 00 and h i = √ −g g 0i we have
As eqs. (81) depend on the metric γ ij , we must require that the momenta Π, Π i and π ij conjugate to h, h i and γ ij transform to the canonical momenta p, p i and p ij conjugate to N and N i and γ ij in such a way that
This implies that
The momenta p ij defined in eq. (85) are not the same as the ADM momenta π ij defined in eq. (2) . Under the canonical transformations of eqs. (81) and (83-85), the constraintsχ i andχ transform toχ
and for the constraintsτ i andτ one finds that
The canonical transformations of the variables h and h i to the variables N and N i result in the dependence of the constraintsχ i andχ on the metric γ ij of the spacelike surfaces, and in the constraintsτ i andτ receiving contributions from the fields N and N i and their conjugate momenta p and p i .
Once again, we may apply the method of Faddeev and Jackiw to the action of eq. 
The first two terms on the right hand side may be dropped from the action since they are total derivatives. The appropriate Darboux transformation [21] associated with the reduced kinetic term isp
by which the kinetic term takes the standard form
The momentap ij defined in eq. (93) are the same as the ADM momenta defined in eqs. 
which is the ADM action upon a redefinition of the Lagrange multipliers w and w i .
Instead of introducing the lapse and shift functions N and N i in the action of eq. (78), one may choose the most natural choice of coordinates that avoid mixing of the canonical fields in formation of the constraints, i.e. the "densitized" lapse function
and the shift functions α i , which are defined as in the ADM approach. 6 From eq. (81) one then has,
and consequently 6 We note that α = λ 0 − 1 and α i = λ i , where λ 0 and λ i are the Lagrange multipliers appearing in eq. (19) .
where π and π i are the momenta conjugate to α and α i . We see that, in contrast with eqs. 
which depend only on a subset of the canonical variables; α, α i and their conjugate momenta π and π i . 7 The constraintsτ andτ i are seen to depend only on the rest of the canonical coordinates, i.e. γ ij and their conjugate momenta π ij , and they remain intact under the transformations of eqs. (97) and (98). We thus introduce the quantities
and for the action of eq. (78) we obtain
By applying the reduction method of Faddeev and Jackiw [21] to the action of eq. (103), one obtains 7 We note that at this stage the constraintsχ ≈ 0 andχ i ≈ 0 of eqs. (99) and (100) upon dropping surface terms. This variant of the ADM action has been used by Teitelboim [46, 47] and Ashtekar [9] in quantum gravity, and by York et.al. in numerical relativity [1, 14] . Since the constraints H i andH are derived from the constraintsτ i andτ of eqs.
(56) and (57) under the canonical transformations of eqs. (72) and (74) as in eqs. (101) and (102), the algebra of the PB of these constraints is
according to eqs. (62), (63) and (64), consistent with the constraint algebra given in [46, 47] .
(Here f and g are test functions.)
V. TENTATIVE GAUGE CONSTRAINTS
Together with a set of "admissible" gauge constraints, one may put the first class constraints of the extended action (which are now second class) strongly equal to zero and solve them in order to eliminate the redundant degrees of freedom from the action and introduce the DB. Meanwhile, all the gauge freedom of the Lagrangian action is fixed.
We now consider gauge fixing conditions for the action of eq. (69). A study of the equations of motion of the extended action of eq. (69) 
Therefore, tentative gauge constraints for the primary first class constraints
could be of the formt
respectively, where Ct and Cξi are arbitrary functions. The constraints of eqs. (111,112) form a minimal set of second class constraints and may thus be turned into strong equations.
The DB of the rest of the canonical variables remains their PB. We now prove that much liket andξ i , the fields h and h i are left undetermined by the equations of motion. By extremizing the action of eq. (109), the equations of motion corresponding to Π,
In obtaining eqs. (113-116) we have used the constraint equations (117,118). Since the Lagrange multipliersv andv i are arbitrary, the fields h and h i can take the values of any arbitrary functions C h (x) and C h i (x), as justified below. Suppose the latter is true, that is,
Eqs. (113), (114), (117) and (118) may be solved forv,v i , Π and Π i in order to express them in terms of C h (x) and C h i (x). Upon substituting these solutions into eqs. (115) and (116) they result in trivial identities.
The foregoing observation suggests that tentative gauge constraints corresponding to the secondary first class constraintsχ
and compatible with the equations of motion could be of the form
where C h and C h i are arbitrary functions. Once again, the constraints of eqs. (119,120) form a minimal set of second class constraints which may be turned into strong equations.
Once the solutions of these equations are inserted into the action of eq. (69) it is reduced to 
we have
which implies that the DB of q ij and Π ij remains equal to their PB upon turning the first class constraintsχ andχ i and their corresponding gauge constraints into strong equations, thanks to the constraintsχ andχ i not depending on q ij and Π ij . The action of eq. (121), therefore, is identical with the Faddeev action of eq. (19) upon appropriate gauge fixation.
The gauge constraints of eqs. (112) and (120) are not in general admissible for arbitrary functions Ct, Cξi, C h and C h i , since they can not be achieved from an arbitrary configuration of the fieldst,ξ i , h and h i by a diffeomorphism invariance transformation. In principle, one needs to consider the gauge constraints corresponding to the tertiary constraintsτ andτ i along with the gauge constraints of eqs. (112) and (120), and choose appropriate functions Ct, Cξi, C h and C h i in such a way that the gauge constraints altogether are achieved by diffeomorphism invariance transformations, while in this process the gauge functions are completely fixed upon assuming appropriate behavior of the gauge functions on the boundaries.
More insight about eqs. (113-118) and the role of the fields h, h i , Π and Π i in the action of eq. (69) can be gained in the following way. We may add a surface term of the form
to the kinetic part of the action of eq. (69) and write it as
withχ andχ i given by eqs. (54,55). In particular
according to eqs. (59-61). We may therefore observe thatΠ andΠ i are the momenta conjugate to h and h i , and write the action of eq. (69) as
where now
Written in this from, it is explicitly seen that the fields h and h i act as Lagrange multiplier fields, much in the same way as the fieldst andξ i are Lagrange multipliers. Such a simplification of the action is reminiscent of Dirac's simplification of the Hamiltonian formulation of the second order EH action by addition of the following surface terms to the EH Lagrangian
resulting in the primary constraints taking the simple form
in contrast with the second order Hamiltonian formulation of Pirani and Schild [38] in which the EH action is considered without these surface terms, and the primary constraints are of the more complicated form p µ0 = p µ0 (q,p), withq andp being other canonical variables.
(The two approaches have been compared and contrasted in [23] .) The surface terms of eq.
(130) indeed reduce to the surface terms of eq. (123).
Since the gauge constraints of eqs. (112) and (120) fixed" ADM action is seen to easily be realized. A more straightforward reduction to the ADM action might be possible if we assume that the gauge constraints also depend on the momenta p and p i .
VI. GAUGE TRANSFORMATIONS
When written in terms of q ij or γ ij , the problem of determining the gauge transformations of the first order EH Lagrangian action from the first class constraints generated in the Hamiltonian formulation transforms into a more manageable task than when one works with the formalism in which H ij is used. This simplification occurs mainly because in terms of the former variables constraints of different stage depend on different sets of the canonical variables, as explained in previous sections. In this section we consider the action of eq. (69) (which is a functional of h, h i , q ij and their conjugate momenta) and derive the explicit form of the generator of the gauge transformations of the fields h, h i , q ij , Π, Π i and Π ij . The gauge transformations oft andξ i which act as Lagrange multipliers are given by separate equations which are necessary for the action to remain invariant under the gauge transformations. This is done using a method very similar to the method of HTZ [30] . In this approach one directly considers gauge transformations of the total action instead of the gauge transformations that leave the extended action invariant [43] . Using the generator thus obtained, we explicitly evaluate the gauge transformation of the field h = √ −g g 00 assuming the gauge functions corresponding to the tertiary constraints to be independent of the canonical variables, and
show that a field dependent redefinition of the gauge functions is necessary in order for this transformation to correspond to the usual diffeomorphism invariance, which is given by [19] 
for the fields h µν = √ −g g µν , where η µ are arbitrary descriptors [11] .
It has been shown that for most relevant field theories one may drop fields (and their corresponding momenta) that act as Lagrange multipliers from the total Hamiltonian without loss of the gauge transformations if after the emilination the Lagrange multipliers are identified with the eliminated coordinates [35] . We therefore rewrite the total action corresponding to the extended action of eq. (69) as
(Note that we have dropped the tilde from the constraints of eqs. (54, 55, 56, 58 In contrast with the first and second order formulations of the free spin two field actions considered in [24, 25] , in which the structure functions were constant, we need to consider a more general formalism when dealing with the gauge transformations of the full EH action, where we need to consider the structure functions to be field dependent. The most general form of the generator G of the gauge transformations of the total action of eq. (133) is
where the gauge functions µ and µ i corresponding to the tertiary constraints τ and τ i are arbitrary functions depending on spacetime as well as the canonical variables, and the functionsμ andμ i are arbitrary functions of spacetime and the canonical variables which satisfy a set of differential equations that arise by requiring the invariance of the total action.
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Using eq. (137) we may show that
We consider the special case where the gauge functions do not depend on the Lagrange multiplier fields.
where the partial derivative with respect to time is denoted by a t index, we then have Let us choose the gauge functions µ and µ i to depend only on spacetime and not on the canonical variables,
µ i is expected for the gauge invariance of the fields Π, Π, Π i , Π ij ,t andξ i produced by the gauge generator G of eq. (137) to coincide with their diffeomorphism invariance, which is found by the diffeomorphism invariance of the Christoffel symbols [19, 20] .
We have verified that if we had used the action of eq. (69) instead of the action of eq.
(133) for evaluation of the gauge trasnformations, we would have obtained gauge symmetries which differed from the gauge symmetries obtained above by trivial equations of motion symmetries. Such symmetries have been discussed in [30] .
VII. LINEARIZED THEORY
The Linearized theory of the novel Hamiltonian formulation of the extended EH action of eq. (35) can be obtained by linearizing the fields h, h i and H ij around the metric of the flat spacetime,
where the signature of the metric of the flat spacetime is η µν = (−, +, +, . . . , +), and we have ignored terms of higher order inh µν . This implies that, in particular,
if we keep terms linear in the perturbation fields only. Under the expansion of eq. (152), the fundamental PBs
transform into
showing that the fields ω, ω i and − ω ij act as the momenta conjugate to the perturbation fieldsh,h i andh ij . Keeping only terms in the EH Hamiltonian action of eq. (35) which are bilinear in the fields and Lagrange multipliers, and by defining
, and
The action of eq. (156), with the Hamiltonian of eq. (157) and the first class constraints of eqs. (158)-(161), indeed coincide with the extended action principle for the free spin two field theory on a flat spacetime in first order form as developed in [24] . The tertiary constraints τ ′ and τ ′ i in fact contribute to the generator of the linearized diffeomorphism transformation of the "linerized" affine connections Γ λ µν as found in [24] .
VIII. SUMMARY AND CONCLUSION
A major distinction between the Dirac Hamiltonian formulation of the first order EH action as performed in [24] and the ADM Hamiltonian formulation of the same action [4, 5, 6, 7, 8, 19, 20] is that in the latter all "algebraic" constraints are solved in order to eliminate a number of fundamental fields from the action at the Lagrangian level, while in the analysis of [24] only those algebraic constraints which are second class (in the sense of the Dirac constraint formalism) are used to eliminate fundamental fields; first class "algebraic constraints" are treated according to the Dirac constraint formalism. This results in the appearance of tertiary first class constraints, and an unusual PB algebra of first class constraints apparently different from the ADM algebra of the Hamiltonian and momentum constraints H and H i . Therefore, it is very important to compare the results of this novel Hamiltonian formulation with the usual ADM formulation of the first order EH action.
Such a comparison remains obscure however, especially because of the different choices of the canonical variables made in these formulations.
The connection between this Hamiltonian formulation and the Faddeev and ADM formulations was considered in this chapter, first using the method of Faddeev and Jackiw [3, 21] , and then by proposing tentative gauge constraints for the reduction of the formalism in the context of the Dirac constraints method [30, 43] . At first, the variables (h, h i , H ij ) employed in [24] were canonically transformed to (h, h i , q ij ), (h, h i , γ ij ), (N, N i , γ ij ) and (α, α i , γ ij ).
Upon the first set of transformations, the tertiary constraint τ of eq. (39) Considering the equations of motion arising from the Hamiltonian EH action when written in terms of (h, h i , q ij ), we observe that there are no dynamical restrictions on the fields h and h i , and thus they may be considered as Lagrange multiplier fields when multiplied into the tertiary constraints τ and τ i . This was illustrated in an alternative way by adding surface terms to the action and transforming the secondary constraintsχ andχ i into the momenta conjugate to h and h i . The necessary surface terms are equal to the surface terms added to the second order EH action by Dirac [16] in order to facilitate the task of a Hamiltonian formulation of this action.
When (h, h i , q ij ) are used as coordinates, the gauge transformation of the field h generated by the first class constraints coincides with the diffeomorphism invariance transformation of this field if the descriptor of the diffeomorphism invariance has the particular dependence on the canonical variables and the gauge functions of eqs. (149,150). Though our results correspond only to the case where the gauge functions associated with the tertiary constraints do not depend on the canonical variables, we expect that this feature is valid under more general assumptions. The relationship between the gauge generator and the descriptor of the diffeomorphism invariance has been considered in [11, 39, 40] . Although we have only determined the explicit form of the diffeomorphism invariance of h in this chapter, it is possible to find the gauge transformations of all other fields from the formalism developed in the foregoing sections, thus the gauge transformations of the Christoffel symbols, as briefly pointed out. In the ADM approach, however, one needs to make use of the equations of motion for the Christoffel symbols in order to determine their gauge invariance.
It is interesting to investigate if the Dirac quantization of the above Hamiltonian formulations, in which first class constraints act as operators, would produce results other than quantization of the ADM action in which "recduction" is done before quantization. The importance of this issue has been discussed in [3, 32] . 
